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• k n m

• 0 : N − 1 {0, · · · , N − 1}
sin(2π(0 : N − 1)) = {sin(2πn), n ∈ {0, · · · , N − 1}

• t τ

• ω

• x y s

• F

• S

• x1 x2 X1 X2

• i j i2 = j2 = −1

z

• � � z z = �(z)+ i�(z)
(�(z),�(z)) ∈ R2

• z∗ z

• |z| =
√
zz∗ z

f

f(0 : L− 1) ∈ CL f 0 : L− 1

f∗ f f = �(f)− i�(f)

f g D ⊂ RN

f g



�f, g� =

�

D

f(t1, . . . , tN )g∗(t1, . . . , tN )dt1 . . . dtN .

L2 f �f�2

�f�22 = �f, f� =

�

D

|f(t1, . . . , tN )|2dt1 . . . dtN .

A M ×N

A =




a0,0 . . . a0,N−1

aM−1,0 . . . aM−1,N−1





A∗ N ×M

A∗ =




a∗0,0 . . . a∗M−1,0

a∗0,N−1 . . . a∗N−1,M−1





A M = N (A) =
�N−1

i=0 ai,i

A B

�A,B� = (AB∗).

� · � �A�2 = (AA∗)

• F x F = F(x)

• S x
S = S(x)

x(t) S(τ, ω)
τ ω

• Ψ Ψ∗ S

• H

• I Id
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x ∈ Cp b = |Ax| ∈
Rn n A Cn×p

x
|Ax| = b

| · | C |y| = b ⇔ |yi| = bi, i = 1, . . . , n

Optik



y1 y2 · · ·

y AA†

F = {y ∈ Cn, |y| = b}

y1 ∈ F
yN ∈ F

k = 1, . . . , N − 1

yk+1
i = bi

(AA†yk)i
|(AA†yk)i|

, i = 1, . . . , n

A
Ψ Ψ†x(τ, ω)

x L
s M N

Sk

kth Imax

W ∈ RMN
+

s ∈ RL

k < Imax

Sk+1(τ, ω) = W (τ, ω)
ΨΨ†Sk(τ, ω)

|ΨΨ†Sk(τ, ω)|

s = ΨSImax
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ψ(t) = exp
�
−α2(t− t0)

2 + j(2πf0t+ φ)
�






∆t =

�
π

2

1

α

∆f =
1

√
2π

α

∆t∆f =
1

2
.

ψ ∆t ×∆f

C = (cnk)

�
tn = n∆t

fk = k∆f

(cnk) ψ(t)
n k

ψ(t) =
∞�

n=−∞

∞�

k=−∞

cnk exp

�
−π

(t− n∆t)2

2(∆t)2
+ j2π

kt

∆t

�



x(m),m ∈ Z
w(m)

Xn(e
jωk) =

∞�

m=−∞

w(n−m)x(m)e−jωkm, n, k ∈ Z.

Xn(ejωk) (n, k)th (cnk)
n ωk ∈ [0, π]

2π



Xn(e
jωk) = [x(n)e−jωkn] ∗ w(n).

Xn(ejωk) n ωk

Xn(ejωk) ωk n yn(m)
x(m) w(−m) n

yn(m) = x(m)w(n−m).

x(m) s yn

Xn(e
jωk) = F{yn}(e

jωk), n, k ∈ Z.

x(m) Xn(ejωk)

ωk =
2πk

L
, k = 0, 1, . . . ,

L

2
.

L

y(n) =
�

k

Xn(e
jωk)ejωkn

x(n)

y(n) = Lw(0)x(n).

L N w(n)
L < N

w(rL) = 0, ∀r.

�

m

w(m− n) = W (ej0), ∀n.

y(n) =
�

m

�

k

Xm(ejωk)ejωkn

y(n) = Lx(n)W (ej0).



x(n)
N H H ≤ N

Xn(e
jωk) =

∞�

m=−∞

w(n−Hm)x(m)e−jωkm.

H = 1
R = N − H

(Xn(ejωk))

(cnk)

cnk =< x, gnk >

gnk(m) = w(n−m)ejωkn < ·, · >

< x, y >= xy† =
�

n

x(n)y(n)∗

x(n) y(n)

�
G(g, a, b) = {gkl : k, l ∈ Z}

gkl(n) = g(n− ka)ej2πnlb

A,B > 0 x

A�x�2 ≤

�

k,l∈Z
| < x, gkl > |

2
≤ B�x�2.

a b ab < 1
a = H ≤ N − 1 b = 1/L

ab ≤
N − 1

L
N ≤ L

gkl g̃kl

x(n) =
�

k,l

< x, gkl > g̃kl(n) =
�

k,l

< x, g̃kl > gkl(n).



i

i2 = −1.

z

z = a+ ib, (a, b) ∈ R× R,
a = �z z b = �z C = {a+ ib, (a, b) ∈ R×R}

1 i R iR = {ib, b ∈ R}
C

z = ρeiθ, (ρ, θ) ∈ [0,+∞[×[0, 2π[

ρ = |z| z θ = arg z z





ρ =

√
a2 + b2

θ = arctan
b

a
z b = 0 θ ∈ {0, π}

s {X → C} X Z R
s θ ∈ {X → [0, 2π[}

∀x ∈ X , θ(x) = arg[s(x)]

{X → R}
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s ∈ L2(R) Fs ∈

L2(R) F

F{s}(ω) =

�

R
s(t)e−2iπωtdt, ω ∈ R.

F{s}(ω) =

�

R
s(t) cos(2πωt)dt− i

�

R
s(t) sin(2πωt)dt.

s

θ(ω) = − arctan

�
R s(t) sin(2πωt)dt�
R s(t) cos(2πωt)dt

arctan(±∞) = ±
π

2

s ∈ RN

F{s}(k) =
N−1�

n=0

s(n)e−2iπ nk
N , k ∈ 0 : N − 1

F{s}

θ(k) = − arctan

�N−1
n=0 s(n) sin(2πnk)

�N−1
n=0 s(n) cos(2πnk)

.

θ s
s



s(t) Ψ∗{s}(ω, τ) Ψ∗

Ψ
Ψ{Ψ∗{s}} = s

|Ψ∗{s}(τ, ω)|

s = sin

�
2π

f

Fe
(0 : 50)

�
f = 440 Fe = 4410

|Ψ∗(τ, ω)|

2f

Fe
≈ 0.2

s
s

s
f(z) ∈ C, z ∈ C {�z ≥ 0}

f
f f

H �
1

πt

�

H{s}(t) = p.v.

�
1

πt

�
∗ s(t) = p.v.

1

π

�

R

s(t�)

t− t�
dt�

s f

f = s+ iH{s} = (Id+ iH){s}

f s
θ

θ = arg(s+ iH{s}) = arctan
H{s}

s

s(t) = cos(t), t ∈ R

f(z) = eiz, z ∈ C



s(t) = cos(2πft+ φ), t ∈ R

f ∈ R φ ∈ [0, 2π[ θ

θ(t) = arctan
H{s}(t)

s(t)
= arctan

sin(2πft+ φ)

cos(2πft+ φ)
= 2πft+ φ

θ(0) = φ

s ∈ L2(R)

s(t) = x(t) + ix̂(t) = ρ(t)eiθ(t).

x
F (ω) = R(ω)eiα(ω).

θ(t) α(ω)

α(ω) = arctan

�
R ρ(t) sin(θ(t)− 2πωt)dt�
R ρ(t) cos(θ(t)− 2πωt)dt

θ(t) = arctan

�
R R(ω) sin(α(ω) + 2πωt)dω�
R R(ω) cos(α(ω) + 2πωt)dω

s

Sw(τ, ω) = W (τ, ω)eiφ(τ,ω)

w θ(t) φ(τ, ω)

φ(τ, ω) = arctan

�
R ρ(t)w(t− τ) sin(θ(t)− 2πωt)dt�
R ρ(t)w(t− τ) cos(θ(t)− 2πωt)dt

θ(t) = arctan

�
R
�
R W (τ, ω)w(t− τ) sin(φ(τ, ω) + 2πωt)dωdτ�

R
�
R W (τ, ω)w(t− τ) cos(φ(τ, ω) + 2πωt)dωdτ

x ∈ L2(R)
x̂ φ ∈ R xφ

xφ = �[(x+ ix̂)eiφ]

xφ(t) = x(t) cosφ− x̂(t) sinφ



x̂φ(t) = x̂(t) cosφ+ x(t) sinφ

x̂φ = xφ−π
2





W (τ, ω) = |Y (τ, ω)|
arg Y (τ, ω)

Y (τ, ω)

S0 = W

S�

k = Ψ∗ΨSk

ΨΨ∗ = Id

W

Sk+1 = Wei arg S�
k

Sk+1 = Wei argΨ∗ΨSk

L2 |S�

k| W

�|S�

k+1| −W�
2
2 ≤ �|S�

k| −W�
2
2,





−

−



x(n) φx

x(n) = exp
�
2jπf

n

Fe
+ jφx

�
, n ∈ {0, · · · , − 1}.

f = 1000
x(n)

φx = arg(x(0)).

x(n) y(n)
y(n)

φy = arg(y(0)).

φy �= φx.

R1 = 10 log

�
�x�22

�x− y�22

�
� ∞

φy φx R1

φx = 0.4586
φy = −0.9006 R1 = −1.8907

φy

φx

z(n) = exp (jφx − jφy) y(n)

x(n) y(n)

R2 = 10 log

�
�x�22

�x− z�22

�
> R1.

x y z φx = 0.458 z
x y

R2 = 28.6635 dB > R1 = −1.8907 dB

φz = φx

φx 2π

φx φy

φy φx
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�
φx = arccos(x(0))

φy = arccos(y(0)).
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H C H f : H →] −∞,+∞]
+∞

f

proxf (z) = argmin
u

�
1

2
�u− z�2 + f(u)

�

h : H →]−∞,+∞]

h(x) = f(x) + P (x)



f ∇f L P
ν ∈ R

x∗ = proxνP (x∗ − ν∇f(x∗))

x∗ f(x) + P (x)

xk+1 = proxνP (xk − ν∇f(xk))

h(x)

(UM)
diag(U) = 1
U � 0
U ∈ Hn Hn n

U

x ∈ Cn |Ax| = b
b ∈ Rm

(BU)
(MU) = 0

diag(U) = 1
U � 0

B = diag(b)(A†)∗A†diag(b) M = diag(b)(AA† − I)diag(b)

(X)
(AXA∗) = diag(b)2

X � 0

m ≥ n m < n

(BU)
(MU) = 0

diag(U) = 1
U � 0

(U) = 1

(U) = 1

g L x y g �g(x)− g(y)� ≤ L�x− y�



A
x

|Y |2

x
|Ψ∗{x}(mR,ωk)|2 = |Y (mR,ωk)|2

U = xxT

(U)
(Sk,mU) = |Y (mR,ωk)|2

0 ≤ k < N 0 ≤ m < M
U � 0

Sk,m L×L L x

Sk,m = (WT
mRsk)(W

T
mRsk)

∗

sk

sk(n) = ej2πnk/N , 0 ≤ k < N − 1

WT
mR N × L diag(w) (m− 1)R+ 1 (m− 1)R+N

WmR =




0 . . . 0

0 . . . . . .
� �� �

w(1) 0 . . .

. . . 0 w(n)
� �� �

. . . . . . 0

0 . . . 0




.

(Sk,mxxT ) = |X(mR,ωk)|
2.

xxT

D(x) =
�

m,k

�
|X(mR,ωk)|

2
− |Y (mR,ωk)|

2
�2

D(xxT ) =
�

m,k

�
(Sk,mxxT )− |Y (mR,ωk)|

2
�2

.

L(U) = D(U) + λ (U)

λ

U
U



h(U) = L(U) + ind(U)

ind

ind(U) =

�
0 U

+∞ U

L(U) C

Uk+1 = P

�
Uk −

1

C
∇L(Uk)

�

P

U0 U0

U0 = 0 U0 = x0xT
0 x0 = Ψ{|Y |}

∇L(U) = 2
�

k,m

�
(Sk,mU − |Y (mR,ωk)|

2
�
Sk,m + λI.

Z0 L× L

Zk+1 =
∇L(Zk)

�Zk�

�Zk� ∇L

∇L

C

P

L × L
U

U = Mdiag(λ1, . . . , λL)M
−1

P(U)
P(U) = Mdiag(max(0, λ1), . . . ,max(0, λL))M

−1.





L = 16 L = 32
N 0.1N 0.9N

x X y
Y

R1 = 10 log

�
�x�22

�x− y�22

�
.

R1

R2 = 10 log

�
�x�22

�min(|x− y|, |x+ y|)�22

�
.

R1 R2 R1

R2

R2 > R1 ⇒ ∃n ∈ {0, · · · , L− 1}, y(n) ≈ −x(n)

R1 R2

R3 = 10 log

�
�X�22

�X − Y �22

�
.

R1 = R3
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N = 8 R

R4

R4 = 10 log

�
�X�22

�|X| − |Y |�22

�
.

|X| |Y | R4

DIS =
1

2π

�

n,ω

�
|X(n, ω)|

|Y (n, ω)|
− log

|X(n, ω)|

|Y (n, ω)|
− 1

�

v L
t

v =
L

t
.

R1 R2

R3 R4

R2

R1

R4

x ΨΨ∗x ΨΨ∗ ≈ Id R = 0
R4 = ∞
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�
s1(n) = cos(2πfn), n ∈ (0 : L− 1)

s2(n) = sin(2πfn), n ∈ (0 : L− 1)

S1(n, k) =
N−1�

m=0

cos(2πfm)w(m−Hn)e2iπ
mk
N

S2(n, k) =
N−1�

m=0

sin(2πfm)w(m−Hn)e2iπ
mk
N .

S1(n, k) =
N−1�

m=0

cos(2πfm)w(m−Hn) cos

�
2π

mk

N

�
+ i

N−1�

m=0

cos(2πfm)w(m−Hn) sin

�
2π

mk

N

�
,



|S1(n, k)|
2 =

�
N−1�

m=0

cos(2πfm)w(m−Hn) cos

�
2π

mk

N

��2

+

�
N−1�

m=0

cos(2πfm)w(m−Hn) sin

�
2π

mk

N

��2

=
N−1�

l,m=0

cos(2πfl) cos(2πfm)w(l −Hn)w(m−Hn)

× (cos (2πlk/N) cos (2πmk/N) + sin (2πlk/N) sin (2πmk/N))

=
N−1�

l,m=0

cos(2πfl) cos(2πfm)w(l −Hn)w(m−Hn) cos

�
2πk

l −m

N

�
.

|S2(n, k)|
2 =

N−1�

l,m=0

sin(2πfl) sin(2πfm)w(l −Hn)w(m−Hn) cos

�
2πk

l −m

N

�
.

|S2(n, k)|
2
− |S1(n, k)|

2 =
N−1�

l,m=0

cos(2πf(l +m))w(l −Hn)w(m−Hn) cos

�
2πk

l −m

N

�
.

��|S2(n, k)|
2
− |S1(n, k)|

2
�� ≤

�
N−1�

m=0

w(m−Hn)

�2

≤ �w�22.

�
f ∈ Z,
k
N ∈ Z.

f k

φ
S1 S2 φ

sφ

sφ(n) = cos(2πfn+ φ)

= s1(n) cos(φ)− s2(n) sin(φ).

sφ

Sφ(n, k) = S1(n, k) cos(φ)− S2(n, k) sin(φ)

|Sφ|
2 = |S1|

2 cos2(φ)− |S2|
2 sin2(φ)− 2�(S1S

∗

2 ) cos(φ) sin(φ)

= |S1|
2 + (|S2|

2
− |S1|

2) sin2(φ)− 2�(S1S
∗

2 ) cos(φ) sin(φ)



|S2|
2 − |S1|

2

�(S1(n, k)S2(n, k)
∗) =

N−1�

l,m=0

cos(2πfm) sin(2πfl)w(m−Hn)w(l −Hn) cos

�
2πk

m+ l

N

�
.

|�(S1(n, k)S2(n, k)
∗)| ≤

�
N−1�

m=0

w(m−Hn)

�2

≤ �w�22

|Sφ|
2 |S1|

2 φ

��|Sφ|
2
− |S1|

2
�� ≤

��sin2(φ)− sin(2φ)
��
�

N−1�

m=0

w(m−Hn)

�2

≤
��sin2(φ)− sin(2φ)

�� �w�22.

φ

s(t) ρ(t) θ(t)

s(t) = ρ(t)eiθ(t).

F (ω) = F(s)(ω) s(t) R(ω) α(ω)

F (ω) = R(ω)eiα(ω) =

�

R
ρ(t)eiθ(t)−2iπωtdt.

φ �→ s�(t) = ρ(t)eiθ(t)+φ

s�(t) F �(ω)
eiφ0

φ ∈ R

F(s�)(ω) =

�

R
ρ(t)eiθ(t)−2iπωt+iφdt = eiφF(s)(ω).



s

�(s) = H(�(s))

H

F(�(s))(ω) = −isgn(ω)F(�(s)).

F(s)(ω) = F(�(s))(ω) + iF(�(s))(ω)

= (1 + sgn(ω))F(�(s))(ω).

F(s�)

F(s�)(ω) = 2χw>0F(�(s�))(ω) = eiφF(s)(ω).

χw>0F(�(s�))(ω) = eiφχw>0F(�(s))(ω)

F(�(s�)) = eisgn(ω)φ
F(�(s)).

�
�(s(t)) = ρ(t) cos(θ(t)),

�(s�(t)) = ρ(t) cos(θ(t) + φ).
.

S

S(s)(τ, ω) =

�

R
w(t− τ)ρ(t)eiθ(t)−2iπωtdt

S(�(s�) S(�(s))
�(s�) = �(s) cosφ−�(s) sinφ

S� = S cosφ− SH sinφ.






S� = S(�(s�)),

S = S(�(s)),

SH = S(�(s)) = S(H(�(s))).
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time

2*cos(φ)sin(φ)(|A|2−|B|2) + 4*real(AB*)sin(φ)2, φ = 4.9776

frequency

L = 4096 f
Fs = 1000

44100
φ N = 512

∆

∆ = |S|2 − |S�
|
2.

∆ φ S SH

∆ = (|S|2 − |SH|
2) sin2 φ+ 2�(SHS∗) cosφ sinφ

φ ∈ {0, π} 2π φ = 0
φ = π s� = −s

• φ =
π

2
|S�|2 = |SH|2,

• φ =
π

4
|S�|2 = 1

2 |SH − S|2 = 2 |B|
2

• φ = −
π

4
|S�|2 = 1

2 |SH + S|2 = 2 |A|
2

|S|2

|S�|

∆ = (|S|2 − |SH|
2) sin2 φ+ 2�(SHS∗) cosφ sinφ

cosφ sinφ
sin2 φ S SH



xφ(t) = �((x+ (t)iH{x}(t))eiφ = x(t) cos(φ)−H{x}(t) sin(φ)

S{xφ}(τ, ω) = Xφ(τ, ω)

Xφ(τ, ω) = S{x}(τ, ω)e−isgn(ω)φ.

F{xφ}(τ, ω) = e−isgn(ω)φ
F{x}(ω, τ).

|S{xφ}|
2− |S{x}|2
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x ∈ L2(R) x x̂

x̂(t) =
1

π
p.v.

�
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x(τ)

t− τ
dτ

p.v.

x
1

πt

x ∈ L2(R) x

x̂ = x ∗ p.v.

�
1

πt

�

f {�z > 0} f

f = x+ ix̂

x = �f x̂ = �f

x ∈ L2(R)
x f = x+ ix̂

H : L2(R) −→ L2(R)
x �−→ x̂

H2 = −Id

H3 = −H

H4 = Id
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eit −ieit

e−it ie−it

e−t2 e−t2
� t
0 eτ
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� τπ
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F H S

x ∈ L2(R)

F{H{x}}(ω) = −i · sgn(ω)F{x}(ω)

sgn(ω) ω

f = x+ iHx x

F{f}(ω) = (1 + sgn(ω))f(ω) =






0 if ω < 0,

f(0) if ω = 0,

2f(ω) if ω > 0

x ∈ L2(R) x̂

x ∗ x+ x̂ ∗ x̂ = 0

F{x}2 + F{x̂}2 = 0

F{x2}+ F{(x̂)2} = 0

F{x} ∗ F{x}+ F{x̂} ∗ F{x̂} = 0
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